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Mean-field-based Lagrangian framework is developed for the fluid turbulence theory. The space-
time vector flow is naturally introduced from the mean velocity, which provides the Lagrangian
picture based on the mean field in totally equivalent manner to that of the instantaneous field.
The proposed framework is applied, on one hand, to one-point closure model, yielding an objective
expression of the turbulence visco-elastic effect. Application to two-point closure, on the other hand,
is also discussed, where natural extension of known Lagrangian correlation is discovered on the basis
of extended covariance group.
PACS numbers:
I. INTRODUCTION
In general continuummechanics, effective fluxes in con-
tinuum scale are caused by the thermodynamic imbal-
ance of microscopic nature within finite relaxation time,
where the constitutive relations depend on the history of
various physical properties. The convective-coordinate
framework, or the Lagrangian framework, offers the most
suitable and natural description of such history effect [1].
On the contrary, the classical fluid mechanics, as a pro-
totypical model of the continuum, has enjoyed its field-
theoretic development due to simpler coordinate descrip-
tions of the Eulerian framework, since the pure viscous
fluid, including the Newtonian fluid, is an idealized model
of infinitesimal relaxation time, where the history effect
does not appear.
At the stage of turbulent flow, however, the turbulence
motion causes finite relaxation time in the mean-field
properties, requiring the reconsideration of history effect
at the mean-field level. In addition, the covariance princi-
ple also survives in turbulence-constitutive relations as a
rigorous requirement, which is an essential ingredient for
the physical objectivity of the observable mean fields [2].
These facts naturally motivate the fundamental reformu-
lation of the turbulence theory in the Lagrangian frame-
work of the mean-field base, which may be referred as the
mean-Lagrangian framework hereafter. Furthermore, a
remarkable similarity between instantaneous- and mean-
velocity fields are pointed out by recent [2] (termed as
the v-V correspondence), stating that the mean velocity
field plays equivalent roles to those of the instantaneous
counterpart, which also supports the possibility of such
mean-Lagrangian reformulation.
In this paper, we clarify that the mean-Lagrangian
framework provides a firm mathematical basis suitable
to the covariant formulation of the theory of fluid turbu-
lence. Space-time description elucidates the true equiv-
alence between instantaneous- and mean-velocity fields,
both of which appear as one-parameter groups (vector
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flows) of space-time. The proposed framework is applied
to one-point closure model, which allows an explicit in-
tegration of the visco-elastic effect of the Reynolds stress
in generally covariant manner. Application to the two-
point closure is also considered, where we propose some
new candidates of turbulence correlation allowed by the
mean-Lagrangian description, which include some gen-
eralizations of the conventional Lagrangian quantities of
[3, 4].
II. 4-DIMENSIONAL FORMALISM
We observe the fluid motion in the space S as time
t(∈ R) passes, which may be clearly illustrated by the
4-dimensional space-time formulation. We compose the
space-time as the direct product M = S × R, and ex-
press the space S at each time t as a 3-D hyper sur-
face St of t = const.. Here we only discuss the non-
relativistic limit, where the coordinate transformation
does not change the time t. Namely the non-relativistic
general transformation is given by
x˜ = x˜(x, t), t˜ = t. (1)
In the space-time formalism, t may be written as x4 ,
and the above transformation forms the subgroup of
4-dimensional diffeomorphism group such that xµ˜ =
xµ˜(x1 , x2 , x3 , x4). This transformation enables us to
identify bodies, including fluid, as hyper-surfaces embed-
ded in the 3-dimensional slice of space-time M . Note
that general tensor T in M does not behave as tensor
in St; the general 4-D 1-rank tensor T transforms as
T α˜ = xα˜,µT
µ, whose spatial component becomes
T a˜ = xa˜,µT
µ = xa˜,iT
i + xa˜,4T 4 (2)
which yields T a˜ = xa˜,iT
i only in the absence of the 4th
component, while the 4th component T 4˜ = x4˜,4T 4 = T 4
is identically 0 (the Latin indices a˜, i(= 1, 2, 3) repre-
sents spatial components while the Greek µ(= 1, 2, 3, 4)
for space-time component). In general, the tensor field
with zero time components transforms as
T a˜b˜···c˜d˜··· = x
a˜
,ix
b˜
,j · · ·x
k
,c˜x
l
,d˜ · · ·T
ij···
kl···, (3)
2× R). In the space
R
as St.
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FIG. 1. Mean flow Φτ is naturally introduced as a vector flow
of a 4-dimensional vector V = (V, 1). An arbitrary open set
V (∈ St) may be mapped to ΦτV , which can be interpreted
as the motion of virtual continuum.
which behaves as a tensor in St. Let us call tensor of this
class the 3-D tensor. Eq. (3) means that any 3-D tensor
remains 3-D tensor under the non-relativistic transforma-
tion (1); namely (1) forms the covariance group of 3-D
tensor. Since we still remain on the non-relativistic for-
malism, we apply the term general covariance to the dif-
feomorphism covariance of 3-D tensors under the trans-
formation (1) [6]. The general covariance of 3-D tensors
and their theories are obvious as far as they are written
in the differential geometry of 4-D space-time, which is
the biggest merit of the space-time formalism.
III. MEAN-LAGRANGIAN FORMALISM
A. Mean flow
The fluid element, like a particle, is identified by its
space-time trajectory pt = (p(t), t)(∈ M ), where we de-
note the space component (projection on St) by the bold
type. The total fluid motion is identified by the flow
(one-parameter group) φτ : M × R → M such that
φτpt = pt+τ . Then a vector field v : M → TM is
defined such that
v(φτpt) =
d
dτ
φτpt (4)
for all existing pt, whose coordinate representation reads
v = (v1(x, t), v2 (x, t), v3(x, t), 1), where v4 = 1. The
projection v on St, gives the velocity field observed in
St. Now the coordinate transformation reads
va˜ = xa˜ µv
µ = xa˜,iv
j + xa˜,tv4 = x
a˜
,iv
j + xa˜,t, (5a)
v4˜ = x4˜ µv
µ = t˜,iv
j + t˜,tv0 = v0 = 1, (5b)
which is identical to what is derived in [2].
In the above procedure we saw the derivation of the
velocity field v(x, t) from the flow φτ , which may be sum-
marized that φτ is the vector flow uniquely determined
by the vector field v. This one-to-one correspondence can
be cast into the mean velocity; another vector flow, say
Φτ , exists for the mean velocity field. As far as v(x, t)
of each realization is smooth and single-valued, its en-
semble average V(x, t) ≡ 〈v(x, t)〉 is also smooth and
single-valued. Then we compose another space-time vec-
tor field V = (V, 1) : M → TM . Needless to say, the
transformation rules (5a) and (5b) with replacement of
v by V hold:
V a˜ = xa˜ µV
µ = xa˜,iV
j + xa˜,tV 4 = x
a˜
,iV
j + xa˜,t, (6a)
V 4˜ = x4˜ µV
µ = t˜,iV
j + t˜,tV 0 = V 0 = 1, (6b)
w ich are also directly obtained by averaging (5a) and
(5b). According to the Frobenius theorem, a 1st-order
differential equation
d
dt
qt = V (qt) (7)
always has a unique solution qt for a proper initial condi-
tion, which may be represented by a one-parameter group
Φτ : qt 7→ qt+τ . By assembling each solution, we obtain
another flow Φτ : M × R → M , where an arbitrary
open set V (∈ St) is transported to ΦτV (∈ St+τ ) as
time passes (figure 1). Unlike the original flow φτ , there
is no physically observable point convected by the mean
flow, so Φτ introduces rather a virtual continuum. In
spite of the absence of some observable continuum, we
can construct the convective picture based on the mean
flow without mathematical flaw. Once we obtain the
mean flow Φτ , its resulting properties should be equal
to what follows from φτ , which is the underlying truth
of the v-V correspondence of [2]. Finally we mention
about the velocity fluctuation; the velocity fluctuation in
4-dimensional framework is given by v′ ≡ v−V = (v′, 0),
which is a 3-D vector field in St as also shown in [2].
B. Mean-convective operations
In general, tensor fields of different points cannot be
treated equally, so their derivative and integration de-
mand some mapping between different tensor spaces. In
our formalism, we shall consider the difference in both
space and time. The spatial difference, on one hand, can
be bridged by the parallel transport based on the Levi-
Civita connection. For the time difference, on the other
hand, we need the pullback (or pushforward) of the flows
φτ or Φτ . Let us consider the general tensor field T on
the space-time M . Although Tt+τ at time t + τ cannot
treated as the tensor field at time t, φ∗τTt+τ can be treated
as the tensor field at time t. Using this pullback formal-
ism, one can define the generally covariant derivative and
3integration. As an example, the derivative operation
d
dt
Tt = lim
τ→0
φ∗τTt+τ − Tt
τ
= LvTt (8)
gives a tensor field at time t. Note that this is actually
the Lie derivative Lv by the flow vector v. For a general
3-D tensor T , Eq. (8) yields
d
dt
T ij···kl··· =
∂
∂t
T ij···kl··· + T
ij···
kl··· ;av
a
− T aj···kl···v
i
;a − T
ia···
kl···v
j
;a − · · ·
+ T ij···bl···v
b
;k + T
ij···
kb···v
b
;l + · · · .
(9)
which is exactly equivalent to the convective deriva-
tive, measuring a physically objective tensor rate [5].
The general covariance under (1) is obvious from the 4-
dimensional diffeomorphism covariance. Its inverse oper-
ation, the convective integration, is defined by
∫ t1
t2
Ttdτ =
∫ t1
t2
φ∗τTt+τdτ, (10)
which gives the tensor field at time t by accumulating the
history of tensor T within the time range [t + t2, t + t1]
along the flow path. Indeed
∫
dt gives the integration of
the tensor T along the flow.
Extension of (8) and (10) to the Φτ -based operations
is straightforward: corresponding to Eq. (8) we obtain
D
Dt
Tt = lim
τ→0
Φ∗τTt+τ − Tt
τ
= LV Tt (11)
which gives another definition of the mean-convective
derivative in [2]. The inverse operation becomes
∫ t1
t2
TtDτ =
∫ t1
t2
Φ∗τTt+τdτ, (12)
which may be referred as themean-convective integration,
accumulating the history of tensor T along the mean-flow
path. Note that both operations (11) and (12) provide
generally covariant operations for general 3-D tensors,
which trivially follows from the original (8) and (10).
Likewise, due to equivalence between φτ and Φτ , the
mean-Lagrangian framework offers objective operations
in totally the same manner as the ordinary Lagrangian
framework.
C. Mean-Lagrangian coordinate frame
As is wellknown, the convective operations (8) and (10)
in a general-coordinate frame require complex calcula-
tions due to its pullback formalism. One can avoid such
complexity by choosing the Lagrangian coordinate frame,
which provides the strong tool in the actual calculations.
Here we show that such coordinate representation is also
introduced for the mean flow Φτ .
We choose the coordinate representation so that the
vector field V becomes (0, 1). In this representation, Φτ
is only the time advancement while identity for the spa-
tial component, where D/Dt and
∫
Dt become simply
∂/∂t and
∫
dt. Such space-time coordinate frame, say
{y, t}, can be obtained by using (6a):
0 = V a(y, t)
=
∂ya
∂xi
(x(y, t), t)V i(x(y, t), t) +
∂ya
∂t
(x(y, t), t)
=
∂ya
∂xi
(x(y, t), t)
{
V i(x(y, t), t) −
∂
∂t
xi(y, t)
}
,
hence
∂
∂t
xi(y, t) = V i(x(y, t), t). (13)
This is actually equivalent to Eq. (7), and the solution
x(y, t) exist from the Frobenius theorem. According to
Eq. (13), the solution x(y, t) for fixed y represents the
point transported by the mean velocity V, so that {y, t}
offers the co-moving frame based on the mean flow Φτ ,
which may be referred as themean-Lagrangian coordinate
frame.
IV. APPLICATIONS
A. Visco-elastic effect
Starting from the early works [9, 10], the history effect
and the corresponding visco-elastic features are pointed
out as an important feature of general turbulence. Let
us see that such visco-elastic feature can be represented
in generally covariant manner, using a simple turbulence
model as an example. As remarked in [2], the known
Launder-Reece-Rodi model [11] can be reformulated in a
generally covariant form:
D
Dt
Rij =(1− CIP )(S
i
kR
jk + SjkR
ik)
+ (1− CIP )(Θ
i
kR
jk +ΘjkR
ik)
− CR
ǫ
K
(
Rij −
2
3
Kgij
)
−
2
3
CIPS · R
−
2
3
ǫgij,
(14)
where the diffusion effects are neglected. The equation
for the deviatoric stress P ≡ 2
3
Kg− R becomes(
D
Dt
+ CR
ǫ
K
)
P ij =
2
3
(1− 2CIP )KS
ij + · · · (15)
The operator (D/Dt−CRǫ/K) is rewritten in the mean-
Lagrangian coordinates as (∂/∂t−CRǫ/K) whose Green
function is given by exp[−
∫ t
t′
Kτ
CRǫτ
dτ ]. Thus the inverse
operation of (D/Dt− CRǫ/K) is given in general by(
D
Dt
+ CR
ǫ
K
)
−1
=
∫ t
Dt′exp
[
−
∫ t
t′
Kτ
CRǫτ
Dτ
]
×
4Thus the eddy-viscosity term (the first term of the right-
hand side) of (15) can be integrated as
P ijt =
2
3
(1− 2CIP )
∫ t
−∞
Dt′exp
[
−
∫ t
t′
Kτ
CRǫτ
Dτ
]
×Kt′S
ij
t′ + · · · ,
(16)
which exactly represents the visco-elastic effect in gen-
erally covariant form; namely, (16) represents physically
objective properties free from coordinate representation.
If one employs, on the contrary, the non-covariant equa-
tion such as
D
Dt
Rij =(1/2− CIP )(S
i
kR
jk + SjkR
ik)
(1/2− CIP )(Θ
i
kR
jk +ΘjkR
ik) + · · · ,
(17)
one may obtain
P ijt =
2
3
(
1
2
− 2CIP
)∫ t
−∞
Dt′exp
[
−
∫ t
t′
Kτ
CRǫτ
Dτ
]
×Kt′S
ij
t′ + · · · ,
(18)
instead of Eq. (16). Here
∫
Dt is the inverse of D/Dt
which is also employed in [10] to obtain the visco-elastic
feature of the Reynolds stress.
∫
Dt incorporates only the
translation but not the distortion by the mean flow, so
Eq. (18) fully depends on the coordinate representation,
loosing its physical objectivity. Finally, it is notable that
the above analysis consists for any models containing the
Rotta term, not only for the LRR model (14).
B. Extended Lagrangian correlations
The main stream of the multiple-points closure have
been developed for the two-point quantities, where two-
point correlations obey differential-integral equations
(the time integration are sometime simplified by the
Markovianization). Here we should remark that the sim-
ple time derivative and integration depend on the coor-
dinate representation, and their physical interpretation
may change as the reference frame does. The Lagrangian
(mean-Lagrangian) description allows us to avoid this dif-
ficulty by incorporating the convective (mean-convective)
operations, guaranteeing covariant formulation of the clo-
sure theories of various types.
Let us compose covariant correlation between v′x and
v′x′ at different space-time points x = (x, t) and x
′ =
(x′, t′), where v′x(∈ TxSt) is to be mapped onto Tx′St′
so that we obtain a correlation tensor in Tx′St′⊗Tx′St′ .
When we compare v′ at different times, as remarked in
the previous discussions, we need either of φ∗τ and Φ
∗
τ
to keep the general covariance (τ = t − t′). Let us first
apply φ∗τ , where v
′
x is mapped to φ
∗
τv
′
x(∈ Tφ−1τ xSt′) at
time t′. Then we still have spatial gap between φ−1τ x and
x′, which may be bridged by the parallel transport P x
′
φ
−1
τ x
defined by the Levi-Civita connection of St′ , which does
not depend on its path in the flat Riemann space. The
vector v′x is mapped in the following steps:
TxSt
φ∗
τ−→ Tφ−1τ xSt′
P
−→ Tx′St′ . (19)
Then we obtain
FU(x, x′) ≡ 〈P x
′
φ
−1
τ x
(φ∗τv
′
x)⊗ v
′
x′〉. (20)
To make a clear difference from the mean-Lagrangian
picture, let us call FU as the fine-Lagrangian correlation,
which reflects the fine-motion of the fluid element. Al-
though this is similar to so called Lagrangian velocity
correlation (LU) which also considers the translation of
fluid element by its turbulence motion, there is a cru-
cial difference; in addition to the translation, Eq. (20)
explains also the distortion of the fluid element due to
pullback φ∗τ . Another quantity is obtained by replacing
φτ with Φτ :
MU(x, x′) ≡ 〈P x
′
Φ
−1
τ x
(Φ∗τv
′
x)⊗ v
′
x′〉, (21)
which may be called as the mean-Lagrangian correlation,
incorporating the convection effect by the mean flow.
However, by its definition, MU does not consider the con-
vection of the detailed motion of the fluid element, so it
fails to extract the fine-scale properties of K41 [7, 8], as
is the same situation for the Eulerian correlation (EU).
Indeed, MU coincides with the EU in the absence of the
mean velocity field V.
FU , in contrast to the others (LU , EU , and MU), is the
only correlation that considers the fine-scale properties in
generally-covariant manner, so FU could be employed to
measure the objective properties of turbulence along with
the Kolmogorov scaling [7, 8]. One shortcoming arises,
however, when we apply the perturbation analysis on the
basis of [3, 4, 12–14]; the pullback φ∗τ considers the distor-
tion of the fluid element that causes further nonlinearity
in v′; namely FU sacrifices its mathematical simplicity
for the general covariance. In the actual analysis, we
may need some other quantities with enough feasibility.
One possible solution is to modify MU ; we incorporate
the translation of fluid element by replacing x with φτ x¯
′
(x¯′ ∈ St′), namely
DU(x¯′, x′; τ) ≡ MU(φτ x¯
′, x′)
= 〈P x
′
Φ
−1
τ ◦φτ x¯′
(Φ∗τv
′
φτ x¯′
)⊗ v′x′〉,
(22)
where both φτ and Φτ appear. Let us call (22) as the
double-Lagrangian correlation for its mixed scheme of
fine- and mean-Lagrangian frameworks.
It may be instructive to show the difference between
the Lagrangian LU and double-Lagrangian DU in purely
spatial description, which is sketched in figure 2. For
simplicity, we consider the orthonormal frame for spatial
coordinate, so the parallel transport P becomes trivial.
We consider the correlation between (a) v′(x′, t′) and (b)
5(φτ
(Φ∗
τ
; namely, v′(φτ x¯
′, t) should
τ x¯
′
′(φτ x¯
′, t
so the parallel transport P becomes trivial. We consider
the correlation between (a) v′(x′, t′) and (b)
contrary, the fluctuation vector (a) is mapped to (c) at
; namely, v′(φτ x¯
′, t) should
becomes trivial. We consider
) and (b) v′(x, t). De-= 0
becomes trivial. We consider
′(x′, t
τ
with Φτ :
V
V
τ
with Φτ :
x
i
x
j
simplicity, we consider the orthonormal frame for spa-
explained in 3-D space with orthonormal coordinate setup
{x}. The Lagrangian correlation
while the double Lagrangian correlation
FIG. 2. The difference between DU and LU is schematically
explained in 3-D space with orthonormal coordinate setup
{x}. The Lagrangian correlation LU is given by 〈(a)⊗(b)〉,
while the double Lagrangian correlation DU is 〈(a)⊗(c)〉.
Namely, in the double-Lagrangian correlation, the velocity
fluctuation is measured in the material frame of the virtual-
continuum bulk V (the mean-Lagrangian coordinate frame).
v′(x, t). Detailed fluid motion is considered by replacing
x of (b) with φτ x¯
′. Then LU gives the correlation between
(a) and (b). In the double-Lagrangian formulation, on
the contrary, the fluctuation vector (b) is mapped to (c)
by the pullback Φ∗τ ; namely, v
′(φτ x¯
′, t) should be mea-
sured by the comoving frame of the virtual-continuum
bulk (V in figure 2) convected by the mean flow, which
implies that the mean-Lagrangian coordinate frame gives
the simplest expression. Unlike (c), (b) is measured in
a different way under the coordinate transformation (1).
The double-Lagrangian correlation DU is generally co-
variant under the non-relativistic general transformation
(1), while the Lagrangian correlation LU is limited to the
Galilean covariance. Thus the double-Lagrangian corre-
lation is a natural extension of the Lagrangian correlation
with far wider covariance group.
For simplicity of calculations, let us consider a limited
class of coordinate system {z1 , z2, z3 , z4} = {z, t} where
the metric becomes constant in space (geodesic coordi-
nate frame). This forms a Lie group of time-dependent
affine transformation:
zA
∗
= XA
∗
I(t)z
I + Y A
∗
(t) (A∗, I = 1, 2, 3), (23)
where XA
∗
I(t) and Y
A∗(t) are both independent of co-
ordinates. In this coordinate representation, the parallel
transport P in Eq. (22) becomes identity 1, so that we
have the following simpler form:
DU(z¯′, z′; τ) ≡ 〈Φ∗τv
′
φτ z¯′
⊗ v′z′〉. (24)
The velocity fluctuation obeys(
D
Dt
− ν△
)
v′I+ v′I ,Jv
′J+ p′,I =−
(
SIJ +Θ
I
J
)
v′J , (25)
and incompressibility v′J ,J = 0, where S and Θ are the
strain rate and absolute vorticity of the mean flow [2].
v′φτ z¯′ can be represented by the Lagrangian-position func-
tion ψ [3, 4]:{
D
Dt
+ v′J(z′′, t)∂′′J
}
ψ(z′′, t; z¯′, t′) = 0, (26)
then we have
v′φτ z¯′ →
∫ √
det[gIJ(t)]d
3z′′ψ(z′′, t; z¯′, t′)v′I(z′′, t).
Eqs. (25) and (26) form similar set of equations to that
of [3, 4], but the convective derivative D/Dt appears in
stead of simple time derivative ∂/∂t. Then DU becomes
DU IJ(z¯′, z′; τ)
=
∫ √
det[gIJ(t)]d
3z′′〈ψ(z′′, t; z¯′, t′)v′I(z′′, t)v′J (z′, t′)〉.
(27)
Using Eqs. (25) and (26), one can obtain the clo-
sure equations containing the mean-convective opera-
tions D/Dt and
∫
Dt, which may describe the physically
objective dynamics of (27).
V. CONCLUSION
In this paper, we discussed about the theoretical ba-
sis of the mean-Lagrangian framework in the fluid tur-
bulence, which provides some convenient mathematical
tools such as the mean-convective derivative and inte-
gration, and the mean-Lagrangian coordinate frame as
natural consequences. The mean-Lagrangian framework
applied to a one-point closure model enables the explicit
integration of the visco-elastic effect on the Reynolds
stress. In the two-point closure theories, we proposed
some new turbulence quantities such as FU , MU , and DU
allowed by the general covariance. Among them, DU , the
double-Lagrangian correlation, gives the natural general-
ization of the ordinary Lagrangian correlation of [3, 4] by
expanding its covariance group from simple Galilean to
the general non-relativistic transformation group of (1).
In this paper, we do not go further steps by choosing some
particular closure scheme, since the validity of all the dis-
cussions given so far is totally scheme-independent. To
obtain the total performance of the resulting model, we
should construct the closure equations, at least, for (27)
on the basis of Eqs. (25) and (26), which will be reported
in the forthcoming paper [15]. The first step for such
closure modeling may be conducted for the homogeneous
anisotropic turbulence, where further simplification can
be made by using the mean-Lagrangian coordinate frame
which is briefly discussed in Appendix A.
Thus it is notable that, although the mean-Lagrangian
framework offers a suitable picture that automatically
incorporates the physical objectivity via the general co-
variance, it does not necessarily promise the quantita-
tive successes. As widely recognized, various aspects to
be clarified have been left behind their approximation
procedures, which prevents us from reaching the con-
sensual physical modeling, if exists. Nevertheless, the
covariance principle should be firmly considered since it
provides an undisputed basis of physics that is to de-
scribe the objective properties of nature, irrespective of
6the choice of modeling schemes. In such covariant for-
mulation of the turbulence theory, the mean-Lagrangian
framework offers universal strategies applicable to wide
range of schemes and phenomena.
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Appendix A: Homogeneous anisotropic turbulence
In case of the homogeneous anisotropic turbulence, one
can choose the mean-Lagrangian frame {y} = {y, t} for
{z} = {z, t}, where Eqs. (25) and (26) are reduced to
(
∂
∂t
− ν△
)
v′a + v′a,bv
′b + p′,a =−(Sab + Θ
a
b)v
′b, (A1)
{
∂
∂t
+ v′a(y′′, t′)∂′′
a
}
ψ(y′′, t′; y¯′, t) = 0, (A2)
which effectively reduces the complexity in the calculus
of the mean-convective derivative D/Dt. Also one should
add the time evolution of the metric tensor by
d
dt
gab(t) = Sab(t), (A3)
where both gab(t) and Sab(t) do not depends on spatial
position. Then Eq. (27) becomes
DUab(y¯′, y′; τ)
=
∫
d3y′′
〈
ψ(y′′, t′; y¯′, t)v′a(y′′, t′)v′b(y′, t)
〉
.
(A4)
On the basis of Eqs. (A1), (A2), and (A3), one can
develop the closure models following similar strategies
developed by pioneers [3, 4]. One should remark, how-
ever, that the time derivative ∂/∂t and the time integra-
tion
∫
dt in such closure models are actually the mean-
convective derivative D/Dt and integration
∫
Dt, which
express the tensor rate and history effect in physically
objective manner.
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